
A Two-Parameter Family of Elliptic Curves and Integer
Solutions to the Quartic Diophantine Equation

A4 + hB4 = C4 + hD4

Hisayasu Nakao
Independent Mathematician

khf12033@nifty.com

September 10, 2026

Abstract

We study the quartic Diophantine equation A4 + hB4 = C4 + hD4, where h is a fixed
positive integer. Izadi and Baghalaghdam (2017) associated to each h a single elliptic curve
E(h) and showed that if rankE(h) > 0, then the equation has infinitely many nontrivial
primitive integer solutions. However, their method fails when rankE(h) = 0 or when the
generators of E(h)(Q) have very large canonical height.

In this paper, we introduce a new rational parameter k > 0 and construct a two-parameter
family of elliptic curves Eh,k. We prove that if rankEh,k > 0 for some k, then the equation
has infinitely many nontrivial primitive integer solutions. This overcomes the limitations of
the Izadi–Baghalaghdam method, as one can vary k to find curves with positive rank and
manageable generator heights.

Assuming the Birch and Swinnerton-Dyer conjecture, we show that rootno(Eh,k) = −1
implies rankEh,k ≥ 1, providing a computable criterion for the existence of solutions. We
present explicit computational examples, including h = 20012, k = 2 and h = 20017, k = 1/4,
demonstrating the effectiveness of our method.

1 Introduction

The quartic Diophantine equation

A4 + hB4 = C4 + hD4, (1)

where h is a fixed positive integer, has been studied by several authors. Izadi and Baghalaghdam
[1] associated to each h a single elliptic curve E(h) and proved that if rankE(h) > 0, then
equation (1) has infinitely many nontrivial primitive integer solutions (A,B,C,D).

However, their method has two serious limitations:

1. If rankE(h) = 0, the method fails completely.

2. Even if rankE(h) > 0, if the generators of E(h)(Q) have very large canonical height, it is
computationally infeasible to find explicit integer solutions.

In this paper, we overcome these limitations by introducing a new rational parameter k > 0.
We construct a two-parameter family of elliptic curves Eh,k and prove that if rankEh,k > 0 for
some k, then equation (1) has infinitely many nontrivial primitive integer solutions. This allows
us to vary k to find curves with positive rank and manageable generator heights.

Our main results are as follows:
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• Main Theorem: If rankEh,k > 0, then equation (1) has infinitely many nontrivial primi-
tive integer solutions.

• Corollary (assuming BSD): If rootno(Eh,k) = −1, then rankEh,k ≥ 1, and equation (1)
has infinitely many nontrivial primitive integer solutions.

• Explicit examples: We present computational examples for h = 20012, k = 2 and h =
20017, k = 1/4, demonstrating the effectiveness of our method.

The rest of this paper is organized as follows. In Section 2, we review the Izadi–Baghalaghdam
method and its limitations. In Section 3, we construct the two-parameter family Eh,k and prove
the main theorem. In Section 4, we assume the Birch and Swinnerton-Dyer conjecture and
derive the corollary. In Section 5, we present explicit computational examples. In Section 6, we
conclude with remarks and directions for future research.

2 Background: The Izadi–Baghalaghdam Method

2.1 The Izadi–Baghalaghdam Theorem

Izadi and Baghalaghdam [1] studied the quartic Diophantine equation

A4 + hB4 = C4 + hD4, (2)

where h is a fixed rational number. They introduced the substitution

A = m− q, B = m+ p, C = m+ q, D = m− p,

and derived the elliptic curve

E(h) : Y 2 = Z3 − 3h2Z − (h4 + h2). (3)

Their main theorem is as follows:

Theorem 2.1 (Izadi–Baghalaghdam [1]). If rankE(h) > 0, then equation (2) has infinitely many
nontrivial primitive integer solutions (A,B,C,D).

2.2 Limitations of the Izadi–Baghalaghdam Method

The Izadi–Baghalaghdam method has two serious limitations:

1. Rank zero problem: The correspondence h 7→ E(h) is one-to-one. If rankE(h) = 0, the
method fails completely, as E(h)(Q) consists only of torsion points.

2. Large height problem: Even if rankE(h) > 0, if the generators of E(h)(Q) have very
large canonical height, it is computationally infeasible to find explicit rational points, and
hence explicit integer solutions.

These limitations motivate the introduction of a new parameter k to construct a two-
parameter family of elliptic curves.
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3 Construction of the Two-Parameter Family Eh,k

3.1 Trivial and Nontrivial Solutions

We begin by clarifying the notion of trivial and nontrivial solutions to equation (1).

Definition 3.1 (Trivial and Nontrivial Solutions). An integer solution (A,B,C,D) to the equa-
tion

A4 + hB4 = C4 + hD4

is called trivial if A = ±C and B = ±D. Otherwise, it is called nontrivial.

Remark 3.2. Note that if (A,B,C,D) is a solution with A = ±C, then the equation implies
hB4 = hD4, and hence B = ±D (since h > 0). Thus, the condition “A = ±C and B = ±D” is
equivalent to “A = ±C or B = ±D” for solutions to equation (1).

3.2 New Substitution

We introduce a new rational parameter k > 0 and the substitution

A = m− p, B = km+ q, C = m+ p, D = km− q. (4)

Substituting (4) into equation (1) and simplifying, we obtain

(hk3p− q)m2 = q3 − hkp3. (5)

Without loss of generality, we may assume hk3p− q = 1, so that q = hk3p− 1. Substituting
this into (5), we get

m2 = (hk3p− 1)3 − hkp3. (6)

Expanding the right-hand side of (6), we obtain

m2 = (h3k9 − hk)p3 − 3h2k6p2 + 3hk3p− 1. (7)

3.3 Elliptic Curve Eh,k

Multiplying both sides of (7) by (h3k9 − hk)2 and setting

X = (h3k9 − hk)p, Y = (h3k9 − hk)m,

we obtain the elliptic curve

Eh,k : Y 2 = X3 − 3h2k6X2 + 3hk3(h3k9 − hk)X − (h3k9 − hk)2. (8)

Remark 3.3. When k = 1, the elliptic curve Eh,k reduces to

Eh,1 : Y 2 = X3 − 3h2X2 + 3h(h3 − h)X − (h3 − h)2.

After the change of variables X = Z + h2, this becomes

Y 2 = Z3 − 3h2Z − (h4 + h2),

which is precisely the Izadi–Baghalaghdam curve E(h) given by (3). Thus, our construction can
be viewed as a natural generalization of the Izadi–Baghalaghdam method, where the parameter
k provides additional flexibility in finding curves with positive rank.
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Theorem 3.4. The elliptic curve Eh,k is singular if and only if hk = 0 or hk4 = ±1.

Proof. The discriminant of Eh,k is given by

Disc(Eh,k) = −432h4k4(hk4 − 1)2(hk4 + 1)2. (9)

An elliptic curve is singular if and only if its discriminant is zero. From (9), we have
Disc(Eh,k) = 0 if and only if at least one of the following holds:

1. h = 0,

2. k = 0,

3. hk4 − 1 = 0, i.e., hk4 = 1,

4. hk4 + 1 = 0, i.e., hk4 = −1.

Thus, Eh,k is singular if and only if hk = 0 or hk4 = ±1.

Corollary 3.5. Let h, k ∈ Q with h, k > 0. If hk4 − 1 ̸= 0, then the elliptic curve Eh,k is
non-singular.

Proof. This follows immediately from Theorem 3.4. Since h, k > 0, we have hk ̸= 0. Further-
more, hk4 − 1 ̸= 0 implies hk4 ̸= 1. Finally, since h, k > 0 and k4 > 0, we have hk4 > 0, so
hk4 ̸= −1.

Thus, none of the singularity conditions in Theorem 3.4 hold, and Eh,k is non-singular.

Remark 3.6. In our main theorem, we assume h is a positive integer and k ∈ Q>0, so hk > 0
is automatically satisfied. Thus, we only need to ensure hk4 ̸= 1 to guarantee that Eh,k is a
non-singular elliptic curve.

3.4 Nontriviality of Solutions

We now show that our construction always yields nontrivial solutions from non-torsion points.

Theorem 3.7. Let h, k ∈ Q with h, k > 0. If (X,Y ) ∈ Eh,k(Q) is a non-torsion point, then the
integer solution (A,B,C,D) obtained from (X,Y ) via the inverse transformation is nontrivial.

Proof. We prove the contrapositive: if (A,B,C,D) is a trivial solution, then (X,Y ) corresponds
to a torsion point (or is undefined).

Assume (A,B,C,D) is a trivial solution. By Definition 3.1, we have A = ±C and B = ±D.
From the substitution (4), we compute:

C2 −A2 = (m+ q)2 − (m− q)2 = 4mq,

B2 −D2 = (km+ p)2 − (km− q)2 = 4kmp.

If A = ±C and B = ±D, then we must have mq = 0 and kmp = 0. Since k > 0, we obtain
m = 0 or p = q = 0.

Case m = 0: The associated rational point (X,Y) is a torsion point of Eh,k with Y = 0.
Case p = q = 0: From our construction, this contradicts the relation

hk3p− q = 1. (10)

Hence, by contraposition, if (X,Y ) is a non-torsion point, then (A,B,C,D) is a nontrivial
solution.

Remark 3.8. This theorem ensures that our construction always yields nontrivial solutions from
non-torsion points on Eh,k.
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3.5 Main Theorem

We now state and prove our main theorem.

Theorem 3.9 (Main Theorem). Let h be a positive integer and k ∈ Q>0 with hk4 ̸= 1. If
rankEh,k > 0, then the Diophantine equation

A4 + hB4 = C4 + hD4

has infinitely many nontrivial primitive integer solutions (A,B,C,D).

Proof. Assume rankEh,k > 0. By Corollary 3.5, Eh,k is a non-singular elliptic curve. By the
Mordell–Weil theorem, Eh,k(Q) is a finitely generated abelian group:

Eh,k(Q) ∼= Zr ⊕ T,

where r = rankEh,k > 0 and T is the torsion subgroup.
Since r > 0, there exist infinitely many non-torsion rational points (X,Y ) ∈ Eh,k(Q). For

each such point, we can recover p, q,m via the inverse transformation:

p =
X

h3k9 − hk
, (11)

m =
Y

h3k9 − hk
, (12)

q = hk3p− 1. (13)

Substituting these into (4), we obtain rational solutions (A,B,C,D) ∈ Q4. By Theorem 3.7,
these solutions are nontrivial.

Multiplying by an appropriate rational number t ∈ Q×, we can clear denominators and
obtain integer solutions (tA, tB, tC, tD) ∈ Z4. Finally, we can normalize so that 0 < A < C,
0 < D < B, and gcd(A,B,C,D) = 1.

Since there are infinitely many rational points (X,Y ), there are infinitely many nontrivial
primitive integer solutions (A,B,C,D).

Remark 3.10. The key advantage of our method over the Izadi–Baghalaghdam method is that we
have a two-parameter family (h, k) 7→ Eh,k, rather than a one-to-one correspondence h 7→ E(h).
This allows us to vary k to find curves with positive rank and manageable generator heights.

4 Corollary Assuming the Birch and Swinnerton-Dyer Conjec-
ture

4.1 Root Number and Rank

Let E/Q be an elliptic curve and L(E, s) its Hasse–Weil L-function. The Birch and Swinnerton-
Dyer conjecture states that

rankE(Q) = ords=1L(E, s).

The L-function satisfies the functional equation

Λ(E, s) = rootno(E) · Λ(E, 2− s),

where rootno(E) ∈ {+1,−1} is the root number (sign) of E.
If rootno(E) = −1, then the functional equation implies that L(E, s) has a zero at s = 1 of

odd order. Assuming the Birch and Swinnerton-Dyer conjecture, we have

rootno(E) = −1 =⇒ rankE(Q) ≥ 1.
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4.2 Corollary

Applying this to our two-parameter family Eh,k, we obtain the following corollary.

Corollary 4.1 (Assuming BSD). Assume the Birch and Swinnerton-Dyer conjecture. If rootno(Eh,k) =
−1, then rankEh,k ≥ 1, and the Diophantine equation

A4 + hB4 = C4 + hD4

has infinitely many nontrivial primitive integer solutions (A,B,C,D).

Proof. If rootno(Eh,k) = −1, then the functional equation implies ords=1L(Eh,k, s) ≥ 1. As-
suming the Birch and Swinnerton-Dyer conjecture, we have rankEh,k = ords=1L(Eh,k, s) ≥ 1.
By Theorem 3.9, the equation has infinitely many nontrivial primitive integer solutions.

Remark 4.2. The root number rootno(Eh,k) is computable from the local data of Eh,k (conductor
and local factors). Thus, Corollary 4.1 provides a computable criterion for the existence of
solutions.

5 Explicit Computational Examples

In this section, we present explicit computational examples demonstrating the effectiveness of
our method. All computations were performed using the Magma computer algebra system [2].

5.1 Example 1: h = 20012, k = 2

For h = 20012 and k = 2, the elliptic curve E20012,2 is given by

E20012,2 : Y 2 = X3 − 76892187648X2 + 1970802840412524877056X

− 16837704646748128716194298682944.

The minimal standard model is

Emstd
20012,2 : Y 2 = X3 − 1201440432X − 2566149531837201785.

The root number is rootno(Emstd
20012,2) = −1. Assuming BSD, we have rankE20012,2 ≥ 1.

Using Magma’s 4-descent, we find a generator of Emstd
20012,2(Q):

P1 =

(
69990011273486750657

658168748176
,
585536009663006399168827630497

533956509345232576

)
,

with canonical height height(P1) ≈ 38.81.
Transforming back to E20012,2(Q), we obtain

Q1 =

(
4287326252006674228161

164542187044
,
585536009663006399168827630497

66744563668154072

)
,

with height(Q1) ≈ 38.81.
From Q1, [2]Q1, [3]Q1, we obtain the following nontrivial primitive integer solutions to A4 +

20012B4 = C4 + 20012D4:

122435887754133021361436634 + 20012 · 36264022391838949493001684

= 158646136056623452930677294 + 20012 · 36156474213141913645479644,
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86947939090056920758380847857466581152200888356621673206369145248387

62754446118113607608882319759361894

+ 20012 · 2604200939207404431131851510676945455577134900018256660
401585257961843197221164567031487797998702812584

= 2126878797468675159203610075702503096488990317630364898208849844893

2077238076165599186129515729113779874

+ 20012 · 2543787192154714601264180431879800243762493781264706662
501582590224785770038930404125553468820006023384,

and a third solution (omitted for brevity).

5.2 Example 2: h = 20017, k = 1/4

For h = 20017 and k = 1/4, the elliptic curve E20017,1/4 is given by

E20017,1/4 : Y 2 = X3 − 799908723

4096
X2 +

213232232225759715

16777216
X

− 18947155491048162129383025

68719476736
.

The minimal standard model is

Emstd
20017,1/4 : Y 2 = X3 − 307722461952X − 2569135247624694800.

The root number is rootno(Emstd
20017,1/4) = +1. Using Magma’s 4-descent, we find two genera-

tors of Emstd
20017,1/4(Q):

P1 =

(
82650193

36
,
641685909799

216

)
, height(P1) ≈ 5.88,

P2 =

(
458484600937

16641
,
310364754847345747

2146689

)
, height(P2) ≈ 20.28.

Thus, rankE20017,1/4 ≥ 2.
Transforming back to E20017,1/4(Q), we obtain

Q1 =

(
3936723373

36864
,
641685909799

884736

)
, height(Q1) ≈ 5.88,

Q2 =

(
14003474304241

68161536
,
310364754847345747

8792838144

)
, height(Q2) ≈ 20.28.

From [i]Q1+[j]Q2 with max{|i|, |j|} ≤ 2, we obtain the following nontrivial primitive integer
solutions to A4 + 20017B4 = C4 + 20017D4:

18744 + 20017 · 2594 = 31784 + 20017 · 674,
662904842088834 + 20017 · 63648244639274 = 849145487876594 + 20017 · 17088083192334,
28669274117474 + 20017 · 158660412443594 = 1211735401297814 + 20017 · 151440756410234,

and eight additional solutions (omitted for brevity).
Remark 5.1. Note that the first solution 18744+20017 · 2594 = 31784+20017 · 674 is very small,
demonstrating that our method can find solutions with manageable sizes.
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6 Conclusion and Future Directions

In this paper, we introduced a two-parameter family of elliptic curves Eh,k and proved that if
rankEh,k > 0, then the quartic Diophantine equation A4 + hB4 = C4 + hD4 has infinitely many
nontrivial primitive integer solutions. This overcomes the limitations of the Izadi–Baghalaghdam
method, as one can vary k to find curves with positive rank and manageable generator heights.

Assuming the Birch and Swinnerton-Dyer conjecture, we showed that rootno(Eh,k) = −1
implies rankEh,k ≥ 1, providing a computable criterion for the existence of solutions. We pre-
sented explicit computational examples, including h = 20012, k = 2 and h = 20017, k = 1/4,
demonstrating the effectiveness of our method.

There are several directions for future research:

1. Explicit formula for the root number: Derive an explicit formula for rootno(Eh,k) in
terms of h and k. This would allow us to predict which (h, k) give root number −1.

2. Existence of rank-positive k: Prove that for every positive integer h, there exists
k ∈ Q>0 such that rankEh,k > 0.

3. Statistical analysis of heights: Analyze the distribution of canonical heights of gener-
ators as k varies, and develop heuristics for finding k with small generator heights.

4. Generalization to other quartic equations: Apply our method (introducing an addi-
tional parameter k) to other quartic Diophantine equations.
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